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1. Introduction 



An interest to investigations of the initial and boundary- value problems for the operator- 
differential equations (see, for example, [1-3] and given references there) has increased last 
years. This is connected with the fact that the equations of this type allow to consider 
^' I both ordinary differential operators and the operators with partial derivatives. 

In this paper the boundary-value problem for one class operator-differential equations 
<^ ' of the fourth order is considered in the weighted analogue of Sobolev type space (with the 

pL| ■ weight e~2^, k e R = (— oo;-|-oo)). Namely, the correctness and unique solvability of the 

^ . boundary-value problem on semi-axis for the operator-differential equation of the fourth 

d ', order, the main part of which has a multiple characteristic, is studied here. The obtained 

solvability conditions are expressed in terms of the operator coefficients of the equation, 
and this allows to check these conditions both in theoretical and in applied problems. 
Estimations of the norms of the operators of intermediate derivatives closely connected 
^ . with the solvability conditions have been carried out. Moreover, the connection between 

\Q ', the weight exponent and the lower boundary of spectrum of the operator, participating in 

^ I the equation, is determined in results of the paper. 

• ' Let A he a selfadjoint positively defined operator in separable Hilbert space H and k 

Q ■ be any real number: k & R. 

We denote by L2,k(-R; H) Hilbert space of //-valued functions, defined in i?, with the 
norm 

We denote by W2i^{R;H) the space of //-valued functions such that j^4 G L2, «(/?;//), 
A^u{t) e L2,f,{R; H) with the norm 



\u\ 



Wl^{R-H) 



^4 2 

a u 



dt^ 



+ 



A'u^ 



\ 



L2.^{R;H) 



Here and further the derivatives are considered in sense of the theory of generalized 
functions. It is obvious that for k = we'll have the spaces L2fi{R; H) = L2{R;H), 
W2q{R; H) = W2{R; H) (see [4]). By the same way we can define the spaces L2,k(-R+; H) 
and Wl^{R+- //), where /?+ = [0; +00). 

Let's pass to the statement of the investigated problem. We consider the following 
boundary- value problem in the space //: 




M^) + E^.^^^ = /W' ^ei?+, (1) 

d«(0) d-'u (0) 

where A is the same operator with the lower boundary of the spectrum Aq {A = A* > XqE 
(Aq > 0), E is the identity operator), Aj, j = 1,2,3,4 are the hnear, generally speaking, 
unbounded operators, f(t) G L2^k{R+; H), u(t) G W2 f^{R+; H) . 

Definition. If for any f{t) G L2, «(/?+;//) there exists the vector-function u{t) G 
W2^{R^;H), satisfying the equation (1) almost everywhere in i?+, and the boundary 
conditions (2) in sense: 



lim 

t->o 



a'^~ 



■,d^u{t) 



dP 



= 0, J = 0,1,2, 

H 



and the inequality 



m\w^ ^iR+;H) ^ '^(^'^^^ \\J \\L2,^{R+;H) 



takes place, then it is called the regular solution of the boundary- value problem (1), (2), 
and the boundary- value problem (1), (2) is called regularly solvable. 

We note that similar problems of the regular solvability in the weighted space for the 
operator-differential equations of the second and third orders, considered on semi-axis, 
are studied, for example, in the papers [5-8]. Investigations of the regular solvability of 
the boundary- value problem (1), (2) for ^44 = have been done in wide aspect for the 
case K = in the paper [9]. But in the paper [10] the sufficient conditions of the normal 
solvability of the boundary-value problem for differed from our case another class of the 
operator-differential equations of the fourth order with the multiple characteristic have been 
obtained in the weighted space. We note that in all these works the solvability conditions 
are expressed in terms of the operator coefficients of studied equations. In the case of the 
weighted space it is important to note the earlier paper [11], in which the operators of the 
perturbed part of the equation are the degrees of the operator A, multiplied by the complex 
numbers, and solvability conditions are expressed with the help of limitations of resolvent 
increase of the corresponding operator pencil. The solvability and Fredholm solvability of 
boundary value problems on the semi-axis (as well as on a finite interval) for equations of 
arbitrary order in Hilbert space with non-commuting operator coefficients was investigated 
in papers [12, 13]. We also remark that equations of form (1) appear in applications, in 
particular, in the problems of stability of the plates from the plastic material (see [14]). 

2. Main results 

o 

We'll begin from studying the operator Pq, acting from the space VF2 k(-^+) H) ^'^ ^^e 
space L2,k(-R+; H) by the following way: 

Pou (t) ^ [-| + A(j^+ a\ u{t), u (t) G w}, {R^; H) , 



where 

o f ws^ (n) ] 

Wl^{R+-H) = lu{t): u{t)eWl^{R+-H), -^ = 0, s = 0,l,2|. 

It takes place the following theorem on the isomorphism of the operator Pq, in the proof 
of which we apply Fourier transform and Banach theorem on the inverse operator. 

Theorem 1. Let \k\ < 2Ao. Then the operator Pq isomorphically maps the space 

o 

W2f.{R+', H) onto the space L2^k{R+] H). 

Proof. For convenience of the further notes we consider the polynomial operator pencil 

Po (^; A) = {-iiE + A) {fiE + Af . 

Then the boundary-value problem (1), (2) for Aj = 0, j = 1,2,3,4 can be written in the 
form of the operator equation 



Po(f^;A]u{t) = f{t), 



(3) 



where /(t) G L2, «(/?+; iJ), u(t) G W2 ^{Rj^-; H) . It is easy to determine that the homoge- 



neous equation Pq i-^; A) u (t) = has only trivial solution from the space I42,k(-^+j H). 

o 

Let's show that the equation (3) has the solution from the space iy^^(-R_|_; H) for any 
/(t) G L2,k(-R+; H). After substitution v {t) = u (t) e~2* we rewrite the equation (3) in the 
form 



Po(| + f;A).(t)^,(t) 



(4) 



where v{t) G Wi{R+;H), g{t) = /(t)e-f* G L2{R+]H). Let A G a (A) (A > Aq). As for 
kl < 2Ao 



Po[^i + -A 



-(^e+0+A)(.e+^ + A 



-[ii+^\ +y\ Me + 7T + A 



K 



K 



V2 



e-^+>?] +ev 



A+2J +^'i> 



A^ 



K 



> A 



T 



K 



Ao + -) >0, ^eR, 



then from the spectral decomposition of the operator A it follows that the operator pencil 
-Po f^C + f ; A\ is invertible for \k\ < 2Ao. 

Let us continue the function f{t) by for t < 0, then (4) will be already on the whole 
axis and also g{t) =0 for t < 0. Using direct and inverse Fourier transforms it becomes 
clear that 



^^0 



(t) = — j^ Po' (^e + 2 ; ^) [I 9 is) e~^^^dsj e'^'dC, t G R 



satisfies the equation (4) almost everywhere in R. We'll prove that vo(t) G W2{R; H). 
Really, from Plancherel theorem we have 



\'^o\\w^{R;H) 



d'^Vo 



dt* 



L2(R;H) 



A\ 



L2(R]H) 



evo (e) 



L2{R;H) 



+ 



A'vo (0 



< sup 



ePo-'U^ + 7,;A 



H^H 



L2{R\H) 



+ 



sup 

i&R 



A'P,-n^i + l■,A 



H^H 



\9m 



L2{R\H) 



< 



const \\g{i)\\l^^i^.H) = (^onst\\g{t)\\l^^^^.H)^ 

where Vq {^) and g {^) are Fourier transforms of the functions Vq (t) and g (t) correspon- 
dingly. And this in turn so as estimating the norm A*Pq^ (i^ + |; A) for ^ E R, from 
the spectral theory of selfadjoint operators, we have 



A^'Po' {^^ + -,A 



sup 

AG(t(A) 



A^ 



.e + f) + Af (^e + f + A^"^ 



sup 

xea{A) 



X' 



^e+2) +^" 



ze + - + A 



< 



sup 



^^^(^) (e + A2 - ^) (a + f ) + e ^^'^(^) (a2 - f) (a + f ) 



< sup 



A^ 



< 



Similarly, we prove that for ^ E R 



K 



ePo'[^i^l:A 





^0 




(Ag-f)(Ao + f)" 




ieR 




= sup 

\(iu(A) 


ei-M).^r 


(»? + ^ + a) 



< 



sup — 

\ea(A) U 



^ 4 



A + f +i 



< 



{e 



\2 K^ 

^0^ — 



\2 



Ao + fj +e 



< 1. 



Here a {A) is the spectrum of operator A. 

As the mapping v{t) — )■ -u (t) e~2* is the isomorphism between the spaces W2{R', H) 
and W2f^{R;H), then it is obvious that for any /(t) G L2^k{R] H) there exists Uo(t) = 
vo (i) e^* G W2f^ {R; H), satisfying the equation (3) almost everywhere in R. Continuing, we 
denote by Uq (t) the restriction of a vector-function uq (t) on i?+. As uq (t) G H^2 k (^+5 -^); 
then from theorem on the traces [4, chapter 1] "° ' ' E D (A ^^^], s = 0,1, 2. As we look 



for the solution of the boundary- value problem (1), (2) for Aj = 0, j = 1, 2, 3, 4 in the form 

u (t) = Mo (t) + e-*^(/7o + tAe-'^^ipi + t^^g-tA^^^ 

where (po,ipi,(p2 G DyA^j, and e~*^ is strongly continuous semigroup of the bounded 
operators, generated by the operator —A, then from the boundary conditions (2) we have 

u (0) = uo (0) + ^0 = 0, 
d^ = !^^Avo + A^^ = 0, 



Su{0) _ (fiupjO) 



dt^ 



dp 



AVo - 2AVi + 2AV2 = 0, 



and from here we obtain 



9^0 = -Uo (0) , 

^,-2ip, + 2^2 = -A-'^. 



(5) 



The vectors ipo,ipi,Lp2 are defined uniquely from the system (5) and it is clear that they 
belong to d[a^^). As for \k\ < 2Ao e-'^cpo G Wl^{R+;H), tAe-'^^i G Wl^{R+;H), 
t'^A'^e~^^ip2 G W2',, {R+; H), then u{t) G W2',,(i?+; H) and satisfies the boundary-value 
problem (1), (2) for Aj = 0, j = 1, 2, 3, 4. 

If we take into consideration the theorem on intermediate derivatives [4, chapter 1], 
then the boundedness of the operator Pq follows from the inequality 



\Pou\ 



L2,^iR+;H) 



— - + 2A—- - 2A^— - A^u 
dt^ dt^ dt 



< 



L2,^{R+;H) 



. ..9 

\''^\\wl^{R+;H) + 16 



A 



d^u 



+ 



L2AR+;H) 



A^— 
dt 



< 



L2,^(R+;H), 



const \\u\\y^,4^(^J^^.JJ^ . 
As a result, taking into account Banach theorem on the inverse operator, we obtain, 

o 

that Pq : M^^k(-^+j H) — )■ L2,k(-R+; H) is the isomorphism. Theorem is proved. 



Corollary 1. For \k\ < 2Ao from theorem 1 it becomes clear that the norm \\Pou\\j^^ /^ .^^ 

o 

is equivalent to the initial norm \\u\\^4 rj^ .^^ in the space W2^^{R+; H) . 

Remark. It is important to note that for k = ±2Ao the operator Pq is not invertible. 
Moreover, in this case Pq is not a Fredholm operator (its image is not closed). The proof 
of this fact is given in [13]. 

o 

Further, we denote by Fi the operator, acting from the space W2f^{R+; H) into the 
space L2^k{R+] H) by the following way: 

P,u it) = Y. A,—-^, u it) e Wl^ (i?+; H) . 
i=i "'' 

The following statement, in the proof of which we'll apply theorem on intermediate 

derivatives [4, chapter 1], is true. 

Lemma. Let the operators AjA~\ j = 1,2,3,4 be bounded in H. Then the operator 

o 

Pi acting from the space W2i^{R+;H) into the space L2, «(/?+;//) is also bounded. 

As a result we come to the main aim of this paper - determining the sufficient conditions 
of regular solvability of the boundary- value problem (1), (2). 

For simplifying the notes we introduce the notation 7 (A) = 1 — ^. 

Theorem 2. Let A = A* > XqE (Aq > 0), \k\ < 2Ao and the operators AjA^^ , 
j = 1,2,3,4 are bounded in H, moreover, the inequality 



4 

< 1 



E 



Cj [n) 



A,A-= 



H^H 



is true, where the numbers Cj{k), j = 1,2,3,4 are defined by the following way: 

ci{k) = C3{k) = 27" ^^ (Ao) , C2{k) = YW'^ ^ (^0) , C4 {k) = 7"^ (Ao) . 

Then the boundary-value problem (1), (2) is regularly solvable. 

Proof. We write the boundary- value problem (1), (2) in the form of the operator 
equation 

Pou(t) + Piu(t) = f{t), 

o 

where f{t) G L2^k{R+; H), u{t) G W2f^{R+; H). From theorem 1 it follows that the operator 
Pq has the bounded inverse operator Pq ^ acting from the space L2^k{R+; H) into the space 

o 

W2 i^{Rj^] H) . Then after the substitution u(t) = Po'^z^t), where z(t) G L2,k{R+; H), we 
obtain the following equation in L2,k(-R+; H): 

(e + PiPq-i) z{t) = f it) . 

We'll show that if the conditions of theorem are satisfied, then the norm of the operator 
PiPg"^ is less than one. Really, 

Pi Pn Z ^ Pi "U r { n ■u\ "^ 

6 



4 

E 



A. 



d*-^ 



u 



dt*-i 



< Y, \\AjA- 



H^H 



A^ 



d*-^ 



U 



dt^-^ 



(6) 



Further it is necessary to estimate the norms of intermediate derivatives operators 

^'|i^ ■ Wl^{Rv,H) ^ L,,,{R+;H),j = 1,2,3,4. 

As these operators are continuous, then their norms according to corollary 1 can be esti- 
mated with respect to ||Pow|Il2^(r h)- 



We denote by y (t) 



dt 



Aj u{t). Then from the equation (1) for Aj = 0, j 



1, 2, 3, 4 and boundary conditions (2) with respect to y (t) we have the following boundary- 
value problem: 



^ + AMt) = fit),teR^, 



(7) 



y{0) = 0. 
After substitution w (t) = y (t) e^ 2* from the problem (7), (8) we obtain 



(9) 
(10) 



w{0) = 0, 

where w{t) e Wi{R+;H), h{t) = f{t)e-^' G L2{R+;H). 

Multiplying both sides of the equation (9) by A^w as a scalar product in the space 
L2(-R+; H) we have 



d'^w 
IF 



,A^w 



L2{R+;H) \ "'' / L2(R+;H) 



+ 



— — W, A^W 



+ (A^w-A^w) = (h,A^w 

V ' Jl2(R+;H) V ' 



L2{R+;H) 



L2(R+;H) 

Now, integrating by parts, and taking into consideration the condition (10), we obtain 

2 



Re (h, A^w) 



2(R+.H) 



, dw 
dt 



+ 



L2{R+\H) 



A^W 



L2(R+;H) 



1^ 11 , 1,2 
4 \\^^\\l2{R+;H) ^ 



A—- 
dt 



+ 7(Ao) 



7(Ao 



L2{R+;H) 
2 



A'w 



L2iR+;H) 



> 



A'w 

7 



L2{R+;H) 



Al] 



Thus, 



7(Ao) 



I.e. 



A'w 



A^w 



L2{R+;H) — " \\l2{R+;H) 



A'W 



L2(R+;H) 



< r' (Ao) 



L2(R+;H) — ' ^ -' II :\L2{R+;H) ' 

From the other side, from the inequahty (11) it follows that for any e > 



A 



dw 



+ 7 (Ao) 



L2{R+;H) 



A'W 



L2(R+;H) 



< 



(12) 



L2iR+;H) 



A'W 



L2{R+;H) 



< 



2 II"'IIL2(R+;H) + 2^ 



A^w 



L2(R+;H) 



We suppose in the last inequality e = ^7 ^ (Aq) and find that 



A 



dw 
It 



<77-^(Ao)||/^|lL(^, 



;^)- 



L2{R+;H) 

As h{t) = f (t) e"'^*, w it) = y (t) e"'^*, then, taking into account the condition 
(12) and (13) we have 



(13) 
from 



A'y 



L2,^iR+;H) 



<7-'(Ao) 



L2,^iR+;H) 



A 



dy 
' dt 



L2AR+\H) 



+ i\\^y\\l.AR..H)<\r\\.y'''' 



L2{R+;H) 



From these inequalities, taking into consideration y (t) = i-^ + A) u (t) and the conditions 
(2), we obtain 



71- 



,d^u 



+ 2 



L2,AR+'H) 



A^ — 
dt 



+ 



A\ 



L2,^iR+;H) 



<7-'(Ao) 



L2,^{R+;H) 

2 
L2,n{R+\H) 



(14) 



A 



d^u 
1^ 



+ 2 



L2,^{R+;H) 



A 



,d^u 
'd^ 



+ 



L2,^iR+;H) 



dt 



<^7-MAo)"^"^ 



L2,^{R+;H) ■ 



(15) 



L2.«:(fi+;H) 

As a result, from the inequalities (14) and (15) the following estimations are obtained: 



A^ 



d^-^ 



u 



dt^-^ 



< Cj {k) \\Pqu\\. ,^ rj. , J = 1, 2, 3, 4, 



L2,^{R+;H) 



where 



Cl(/t) = C3{k) = -7 /2 (Ao) , C2(/€) = —^7 ^ (Ao) , C4 (k) = 7 ^ (Ao) . 

Taking into consideration the estimations (16) in the inequality (6), we have 



PiPn^z < y Ci (k) 



L2MR+\H) 



i=i 



A,A-^ 



j:^^^lkllL2,Ji?+;H) 



Consequently, 



(16) 



^1^0 



-1 



L2,n{R+\H)^L2,n{R+<H) 



< H Cj (k) 



A,A-^ 



i=i 



H-^H 



< 1 



and that's why the operator E + PiPq ^ is invertible in the space L2, «(/?+; H), and it means 
that we can determine u (t) by the formula 



uit) = p,UE+p^p,-'y fit), 



moreover. 



l«l WlJR+;H) 


< 


p-i 


L2,n{R+\H)~^Wl^{R+;H) 


{E+p,p,'y' 


L2AR+;H)^L2AR+;H) ^' ^2-(^+'^) 


c 


zont 


't\f\ 


L2MR+;H) ■ 



< 



Theorem is proved. 

Corollary 2. Let k, = and the inequality 



AiA-^ 



1 



H^H 2v^ 



AoA- 



H^H 2 



A.A-3 



H-^H 



AaA-^ 



H-^H 



< 1 



is true. Then the operator Pq + -Pi is the isomorphism from the space W^ (-R+; H) onto the 
space L2{R+; H). 
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Abstract. The boundary- value problem on semi-axis for one class operator-differenti- 
al equations of the fourth order, the main part of which has the multiple characteristic 
is investigated in this paper in Sobolev type weighted space. Correctness and unique 
solvability of the boundary-value problem is proved, and the solvability conditions 
are expressed in terms of the operator coefficients of the equation. Estimations of the 
norms of the operators of intermediate derivatives, closely connected with the solv- 
ability conditions, have been carried out. The connection between the exponent of 
the weight and the lower border of the spectrum of the main operator, participating 
in the equation, is determined in the results of the paper. 
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